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Last time
s we introduced simplicial Sets :

7> :A -> Set ; Fo ((n]) = FutSet

S
Motivation for a simplicial set :

Set of
-simplices

E X topological space
, get simplicial

Set F. : = Sing . (X)



Sirgn(X) = co(A"
,
X)

continuous moes

from A" (geometric

n-simplex) into X .

I" = & (to ...

,
tu) &" : tipo

,
Iti =B

[ Ru+

E H

R2

Exi

=
f : [M] -> [n]



fa : Re -> A lines extension

ei +s eflic

Exercise This sands AM to A "
-

fx(14) - 14

Get f*: Singn(X) -> Singn(X)
f : [m] -> [n]

controverience

f*(4) = yof*

4 : 11 ->XI Yetx : A
"
-> X

the
Pite

remembers everything we need

te know aboot the homotogy theory

of X
.

Roughly
, the (X, Xo) 1th homotory

group of X, consisting of homotopy

closses of Mos 8 : (SY so) + (X ..xo)



UlSo) = Xo

in simplicid sets

2 A'+! Plays the role of S"

# 21 °

= 0
,

28 = - - -5

212= Es

213= E

Replace
-

Ven
.
(X) w/ Mens Vieght> Sing .

(X)

considered up to homotopy of

simplicid M - PS

A Fre homotopy theorist
,
simplicial

re the some as spcles.

For us
,

we went to use some

homotopy theory becouse it is useful

for understanding obstructions :

On [1] =
-" " (QI +E
+AE)



It turns out that the venishing of

Ont[h] (i. e
., finding a solution to

the QMEL to order Mit &
is computed cohomologically just in

+a (m/ of the classicel theory ·

-

Recoll
↓ Clossica Br theory

E
&

↓ Z-groded v
.
b./

M
spocetime M

·-I-shifted symilectic str

<, ->o
: EXE -> Dens (M)

· Action S0(E , (M)
cohomological dag o setisfying

· 55, 53 = 0 CME

of lest quetrotic :

S(e) = <e
,
Qe) + Ile)



# e 0 (E , )

55,
53 = -

E) QI + E EF, 13 = 0

& version of the Mover-Corten

equ : dW +E , w]
= 0

,
w

is the MC 1- form on a

Lie group . )

The MC equ says that QUEF, -3

is also a square-zero
differential :

0(d) -> Po(E)
= +> QF + 51

, 73

CME sofs (Q + EF, -3)
2

= 0

.

think#deforms thefeTor
ya e

a msQ + SI
,

-3



Similar to how hA deforms the

Classia e theory into the quarter .

Pick a garge fixing operator QSF

m) Ar
m) E -

-
-3-

m) P(2
,
4)

Get
AMotionofthee a

theory

[1[] e O
+

(E)[]]

setisfying RG flow; the QUE

S .

tr

I = [P[L] mod as L-0 .

=In 1912] rod

Discording all quentem corrections
,

we

get I back
-



Let T() (E
, 2) denote the set

of gratections defined modelo hit
-

~ (0)(E ,
E) quantizations to all

orders-

Version of Costellos obstruction theorem

2 S Stated in Costello Guillism .

We con extend [M) (d
,
1) : <

(*) (3
,
2)

to simplicial set
,

i
.
e
,

spaces :

#5
. 1 [tostello - Grillion vol 3

There
homotony fiber diagon

of simplicial sets :

[i
+ 1) (E

,
i)-

> 0

↓ ↓
t (5

,
1)
> OK (Voc(E) LI],

& Q + 31 ,
-3)

obstruction mon !



In T() (E, 1) ,

then there

is an
obstruction

O (II) E Coc(d).

O (19) is closed out Q +&E3

! of day 1 :

QO(II) + EF, OCIf3 = 0

We can lift it to on elf in

+ 1) (9
, 1) if O(19) is exact.

The cohomology groups of the

complex : KEY*(0 , 0 .
(2)
,
Q+ [F, -3)

depend only or the classical theory.

So
,
if we con show they venish

,

quentization is unobstructed In fact,

just need to check H1 = 0.



Next time We'll check this for
-

Chere-Simons theory

Wa won't prove this
,

we'll just use

it
.

Henze
,

We
don't really need to

~ (n) to a simplicialextend L

set .

Neuertheless,
here's roughly how you

↓ o it .

Lea Tensor /52 (D")
,

Change the

differential Q to Q + dar .

Just & we defined f* for

fa : 1 -> A" from film +> 23>
We con pullback differential forms .

Def The -simplices of garge-fixing

operators is the set

67 = [Q8 : Eor(a) + 20253



Setisfying :

Qo2(5)-line , dey-1
,

symmetric out <-
+>

,

! 0 = [QQ + tar]

is - generalized Laplacion :

o (0)z =

- 13 g
N

is - smooth family of
9

Riemannia metrias on M depending

smoothly o A.

Pull back a long

fi (m] -> [n]

fx :
n

-> An

MckzS 67s into
a simplicial

set .



2ef
() (d,
FC ~ the -simplicesos

gratizations up
to order

n are given by :

& QGF E 6 Fr = 6F[k]

· A quantization

5 [2] E OCE)([X]]@ (14)

Satisfying ROflow

(Q +dar) [P[L] + 51 %L], I 33
+ M

,
[4] = 0

Again ,
pullbest makes t (2

,
2)

into & simplicid set
.

For the the : C be any
&

Chein CPX .:

co2 <E ...



OK(C)
,

=
closed deg 0 alt)

of CQe(A").

-kencorrespondence

simplicial abelion groups are

the Some S chein complexed

bounded to on e Side ,
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-

Todasgost that Chern-Simons theory

a duits & Dr quantization
in the sense of Costello .

To do this
,

we will orgue

that the obstruction Out,
to quantizing of ordor Kit
Venishes .

BU thy of Clossical (S

Bethy 01 - oriented 3-Mfd M

is given by :

9 = Lie (b)

⑨

& (M) Q9

fields

= g-valved 1- forms A

= connection

DAe-form



waide
perturbing
cound

the flot
com on

the trivia
bundle

=
& ↓ ↳

↓

Es em (M) -> e(ger= (M09

ghosts fields
antifields antighosts

↓ invertente bilineer

Es= di (M)g[1] pairing on 9 . Ex Killing
form

.

Sis(e) = (ire,de) +E5(e,
(e, es)

M on3-form
Portou23 var. controus

Notici,A
&

M,
= ↓ <e

, de) + + < e
,
<e

,e)

di [7 -7 more/09 into

a dg his algebr



Eis = - (M)g[1]

Ecs[-] = -(M)@g by Lie dy

In general
,
E[-1) is a dg Lie

& ↑

algebre or & ↓ - eigebre :

heur higher order brockets :

2, - 1
- 3

,
2- ,

-

,
-] , ..

sotsfying a generalization of Jacobi .

& Why shift by 1 ?

A D A hie algebro
has C-

, -3

of degree O

This is true for 2/M/Q9,

out not 2· (M)9[1] .

② In derived deformation theory
,
the

tergent complex tury out to always



62 o Lo-elgebra ,
after we

shift up by 1.

#fectsfrom Costello

EJ Obstructions in CS theory

live in HI (M
,

H3 (9)).
w

Vector 59022
,

3 d Lie dy

cohomology of

9-

-at2 Deformations of S thy

live in Ho (M
,
H(9)) ·

↳fier

Th) (Eas) bosat

↓
G 5 . Set



&tord

choiceoffa) space of Riemencion

Matics

9 Q = J* forma adioint

ur 9
.

T(r)(Ecs)

↓
Met (M)

cs" (M) = T'(Met(M),
' (Ecs)

Similerly (SP(M).

A Point
in &(M) is a

universal
-

↑tization of CS theory :

it gives a quantization for every

Metric .

Rem This veries in & homotopically
-

trivi d ~Y S the metria veries.



Recoll obstructions live in

(0. (dcs)
, Q

+ EFcs
,

-3)
J

They are closed
, degree & elts

of ↓his 1PX .

logic

%.Ses] Dens DCre(s)

Temma 6 .

6
.

2 in Costello + the defin

of Cred a depted to CS thy .

engin
Leg density

E6 .

6 .

1

grangians
Dios (2) E DenimO)

functions
N

depending only

S D , 2 De ... One on the value

of e ; its
M derivatives of Pt

.



The
Assume H (g) =H (9) = H(g)=

for a 11 9 Semisimple
,

e. g .

9 = cu(2))
.

Let M be a

connected oriented 3-manifold. Then

there is - isomorphism of simp
.

sets

co (M)=MH3(9)[24]]
-
constant s set

4 +3(9)[[x]) n
= XH3(9)(3)

In particular,
CS theory has a

quantization .

Sketch of Pf By M - gic ,
Ve

-

- bS friction lives in
know

vermceche
This implies

obstruction lives in H/(M
,
# (93)

.



Note that &
is

form a sheef on M
.

In fact,
GF also forma shoof,

↑

so do theories ↑ (1) (9) -

s

Toking obstructions is a Shef Map :

Cs" (M) (5(U) UIM
oper

Ond ↓ Ont

H(M ,H3(9))
Esto,

0

H (r, H (s))

By induction,
assume for all 3-mfds

M
,

& m+
E CSE(M) has a lift

to order On Ck(M)
·

WTS &(a) = 0 (() = 0
.

We'll do this by restricting

to well-chosen opens -



To choose these opens
,

note

H' (M ,
Hi(g) = Hom(H ,

(M
,m ,
H (9))

Since Ext = 0 for Vector spoes .

basil 503 =H ,
(M

,
R)

·

pick &

Pick embedded circles

sM
representing each homology

class
.

Enlerge these embedded circles fo

to buld ubhds :

D
M



If We can
show

O(c/v
:
) < H'(i ,+ (9)

venishes for al i
,

ther O(= 0

on M.

Pick on embbeding U: R3

inductive hypothesis :

B
CSr(13) -> cs" (vi)

res Wi

↓ ↓
-

(m
+

(13) -> CS
*

+(vi)res

Vi

Beloose deformations are given by

Ho(R
,
H (g)) E Ho (Vi

,
Hi(9))

both CS
* (RP) ↑ CS" (vi)

-re torsors Leve principal bundses)



for this group-

This implies restriction gives

Direction !
&

ras

cs" (R)> CS(Vi)
·

Honce O(da(vi) is the

image of a class in

# (R3, H (9)) = 0
.

= O(n) = 0

All obstructions vorish ; es" (M)

is a
forsor of Ho (M

,
H3(93)

= H (9) . #
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· Perturbet Goussion integrals : Feyman

diegrems

· R6 flow :

W(p, 1)= log(e**
=

/m)
=Zwup,

I

con g

-
scober thy

P(9
,
2) = S Rede

~ DN thy

P(2) = /001) Nede



&f [scaler QFT]

The wit
-> T() O . 0- Pr . 12-40

bunfle .

Othy

Let [clossical Fr thy]

construction ↑* [ - 1 (v//9)
-

Ex CS thy
-

<e
,de) +<e

, <e,e)

Ex YM +hy

S =
<F

, f) + <da > A

+<C
, 1

,
a)



&
QI + * S5 ,231 + 11 ,

1 = 0

Lem RG flow compet / QME
.

-

~ (1)

Def sSet GFi L

Mein the
-

↑
(+ )

-> O

↓OK (Opc(a)()
,

Q+E
,-)



# CS thy


